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Abstract

The paper provides a detailed study of the Adomian decomposition method (ADM) and the Picard
method (PM) for solving ordinary differential equations (ODEs) related to electric circuits,
specifically focusing on RC and RL circuits. It clearly establishes the existence and uniqueness of
solution, while exploring how the series solutions converge and conducting a careful error analysis.
This examination not only strengthens the theoretical understanding of these methods but also

offers useful insights into their practical applications in electrical engineering and circuit analysis.

Keywords: Adomian method; Picard method; existence; uniqueness; error analysis; RC circuits;
RL circuits.

1. Introduction

Differential equations are essential in many areas of engineering and science, including
electrical networks, fluid dynamics, control theory, fractal theory, electromagnetic theory,
viscoelasticity, potential theory, chemistry, biology, and optical and neural network systems.
This paper focuses on applying the Adomian decomposition method (ADM) and the Picard
method (PM) to solve equations related to electric circuits, specifically RLC circuits. The study
examines the convergence of the series solutions and conducts a thorough error analysis.

Furthermore, it presents numerical examples and practical applications, including the series
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RLC circuit equation and various specific cases derived from this circuit such as RC and RL

circuits.

2. RC Electrical Circuit

The RC electrical circuit consists of a resistor (R) and a capacitor (C) connected in series with
a voltage source (Vs). This type of circuit is known for its oscillatory behavior, where the

capacitor charges and discharges over time in response to the applied voltage.

switch

R it

VSI—-f IT(/)I:: C

Figure 2.1

Where:
In the context of the RC circuit, the parameters are defined as follows:
e Vs the voltage source measured in volts,
e R: the resistance measured in ohms,
e C: the capacitance measured in Farad.

These components are integral to the behavior of the circuit are used in the formulation of the
differential equation (DE) that describes the dynamics of the RC series circuit:

From Kirchoff’s voltage law (KVL) we get,
Ve +Vp=Vs
Where,
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e V.(t): the voltage across the capacitor

e Vi(t): the voltage acrosse the resistor

Then,
Vg =i(t)R
Ve= <[ i(®)dt
Then we have,

Ri(t) + = [ i(t)dt +vc(0) = Vs

Therefore:
Ri(t) =Vs — = [ i()dt —vc(0)
Then,
i(t) =2 - 2@ _ = [Yi(r)de (2.1)

2.1 Methods of Solution

2.1.2 Adomian decomposition method (ADM)
i.  Solution algorithm

From equation (2.1),

With initial condition:

io(£) = 2 — 2@ 2.2)
Recursive relation:
in(6) = =z Jy In-1 (D) (23)
Finally, the ADM solution of (2.1) is
i(t) = Xnzoin(t) (2.4)

ii.  Convergence analysis of ADM:

» Existence and uniqueness of the solution
15



Define the mapping F: E —» E where E is the Banach space, (C[I],||-]]) is the space of which

consists of all continuous functions defined on the interval I with the norm [|i(¢)|| = rrggxli(t)l ,

VOo<t<t<T.

Theorem 2.1:
The problem (2.1) has a unique solution whenever 0 < 8 <1 where, § = %.

Proof:

The mapping F: E — E is defined as,

. Vi—vo 1 (%
Fi(t) = 7 _C_Rf i(r)dr
0

Let: i(t),z(t) € E

||Fi — Fz| = max Vs — —ifti(r)dr— s~ +iftz(r)dr
tel R CR ), R CR J,
t 1 t
=max | —— ) i(t)dr + CR ) z(t)dt
t
< max |~ i [i(t) — z(7)]dT

1
< — [ —
=R TTtlngll(t) z(t)|

t
Jldr
0

1
< — i(t) —
=R rrtlglxll(t) z()|T

1
< ﬁT] i — z]
< ji—zl
= CR l Z
< Blli -zl

Under the condition 0 < S < 1, the mapping F is a contraction, hence, there exists a unique
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solution of the problem (2.1) and this completes the proof.

» Proof of convergence

Theorem 2.2:
The series solution (2.4) of the problem (2.1) using ADM converges if |i;] <cand0 < f <1,

Define the sequence {S, } such that S,, = Y-, ix(t) is the sequence of partial sums from the series
solution.
Let S,, and S,, be two arbitrary partial sums with n > m. Now, we are going to prove that {S,}

is a Cauchy sequence in this Banach space.

1S = Smll = max|S, = Syl = Max| Ty (O]

n
1 t
= max Z (_ﬁ ir()dt)
k=m+1 0
1 [t <«
= max _ﬁf z i, (t)dt
0 k=m+1
1 t n—-1
= max _C_Rf Z i, (t)dt
0 k=m
1 t
= Trtlng “CR [Sn-1 — Sm-1]dT
0
1 t
< ﬂgng—Rf |Sn—1 — Sm-1ldt
0

1
< C_RT maxlSn_l - Sm—ll

tel
T
< [z 15ns = Smcal

< BlSn-1 = Sm-all
Let n=m+ 1 then,
ISme1 = Smll < BlISm = Smeall < B2Sm-1 — Smzll < - < B™ISy = Sol
From the triangle inequality we have,

”Sn - Sm” < ”Sm+1 - Sm” + ”Sm+2 - Sm+1” + -t ”Sn - Sn—l”
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< [B™ A+ BT+ 4 BPTHIISL — Soll
<P+ B A4+ BTTTHIS = Soll
< [ il
Since 0 < f < 1,and n > m, then (1 — g™ ™) < 1. Consequently,

10 = Smll < N6 < Eomaxis )]

However, |i;(t)| < o and asm — oo, ||S,, — S,,|| = 0 and hence, {S,,} is a Cauchy sequence in

this Banach space, so the series .., i, (t) converges, and this statement concludes the proof.

» Error analysis

For the Adomian decomposition method (ADM), we can assess the maximum absolute truncation

error of the series solution as outlined in the subsequent theorem.

Theorem 2.3:

The maximum absolute truncation error of the series solution (2.4) to the problem (2.1) is

estimated to be

max

—max 11 (t
wa i (0

y(©) = ) i®)| <

k=0

Proof: From theorem 2.2 we have,

m

B .
— <
”Sn Sm” -1 _ﬁ"tlglxlll(t)l

But, S, = Xioir (t) asn — oo, then S, = i(t),so
m

i) — Sl < 2 maxis 0

B tel

Therefore, the maximum absolute truncation error in the interval I is
g
maxll(t) Yol (O < —ﬁmaxlll(t)l

In addition, this completes the proof.
2.1.3 Picard Method (PM)

i.  Solution algorithm

Applying PM to the IE (2.1), the solution is
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io(£) = 22— 20 (2.5)

in(t) = ig(t) = == J, i1 (T)dr (2.6)

All the functions i,,(t) are continuous functions, and i,,(t) is the sum of successive differences.
n
in() = () + ) in(6) = in 1 (6)
k=1

This means that the sequence i,,(t) convergence is equivalent to the infinite series convergence.
The final PM solution takes the form

i(t) = lim i,(t).
n—-oo
ii.  Convergence analysis

We can deduce that if the series Yji_, i (t) — ir_1(t) is convergent, then the sequence {i,(t)}
will converge to i(t).

To prove that the sequence {i,,(t)} is convergent, consider the associated series,

o

PREGEIANG

k=0
For k=1, we get

i1 (£) = ig(8) = —— [} ig(x)dr
li2(6) = io(B)] = | == [3 to (D)7 |
< |—%f0t io(t)dr |
. t
< lig()] |~ = J, 1 dt |
. 1
< 1io(®)] | 7]
T
<||n <o
. T
Where |iy(t)| < nand ¢, = [E] n.
Now, we will get an estimate for i,,(t) — i,—,(t),n = 2
in(6) = in1 () = =22 [} in 1 (DT + = [ in o (Dde

1t 1t
= |_Ef0 in_1(t)dt + Efo in_p(T)dT
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< [2fy 1t |linoa(8) = iz (O]
SN GESMNG]

< Blin-1(t) = in—2(0)]

In the above equation, if we putn =2
T
0 - @ < |22 1b© - ©)

li(t) — i1 (D] < Boq
Doing the same forn =3, 4, ...

|i3(6) — (O] < Bliz(®) — i, (D] < By,
lig () — i3] < Blis(t) — i ()| < By,

Then the general solution will be,

i () — inoa (O] < B oy
Since B < 1, so the sequence {i,,(t)} will be convergent.

. . 1 [t
i(t) = 111_1)1010 <_R—[o ln_l(T)dT>

i(t) = —% i(t)dt
0

2.2 Numerical examples:

In the circuit of figure (2.2) ,Vs =1V ,R =1000Q,C = 0.1 mF,v.(0) = 1 V. Compute and

sketch i(t) for t > 0 when : (1) S1is closed and Sz is open. (2) Sz is open and Sz is closed.

S R
—0
i ic
+ =2 F
vz E VCY T C
—-L|:
Figure 2.2
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e Solution:
(1) When St is closed and S is open

VS UC(O) 1

t
= s v 1N
i(t) R R RC OL(T) T

I.  We can get the exact solution of (2.1) by applying Laplace transform.

_ VS vC(O) 1 I(S)
1(s) = (E) B ( RS ) B (ﬁT)

Then we apply Laplace transform and get the exact solution

First, we get

i(t) = 0.001 ¢ 10t
ii.  From (2.2) and (2.3) we get,

. 1
lo(t) = Tooo = 0.001,

in(t) = =10 [ iy (Ddr, n>1.

Hence, i(t) = Zocgn (t)
n=0

iii.  From (2.5) and (2.6) we get,
io(t) = 0.001,
in(t) =0.001— 10 [ i, 4(0)dr, n>1.

Hence, i(t) = lim i,(t).
n—-oo

Figures illustrate a comparison among the exact solution, the ADM, and the PM. These visuals
demonstrate that as the number of terms n increases, the accuracy of the solution improves,
ultimately converging to the exact solution.

Notice: All calculations and graphical representations in the paper were performed using
MATHEMATICA software for the examples presented.
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Table 2.1 shows the absolute relative error (ARE) of ADM and PM solutions. The time comparison between

them is given in Table 2.2.
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Figure 2.4: ADM and LTM Solutions
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Table 2.1: ARE of ADM and PM solutions

|1ADM — lExact

LExact

|lPM — lexact

LExact

0.1

1.9525 x 10716

2.9472 x 10716

0.2

3.5083 x 10715

1.6023 x 10715

0.3

1.3531 x 10714

1.9599 x 1014

0.4

4.8071 x 10714

1.4207 x 10713

0.5

2.0327 x 10714

3.2182 x 10713

0.6

2.0564 x 10712

1.6621 x 1012

0.7

1.5189 x 10711

2.6157 x 10711

0.8

5.6159 x 10710

1.37294 x 107°

0.9

2.66524 x 1077

2.67731x 1077

0.0000531353

0.0000531437
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From Table 2.2, we can see that the two methods are close to each other, but PM gives solution

that is more accurate.

Table 2.2: time comparison

ADM time PM time

0.5 2.141

(2) Siisopen and Szisclosed (vs = 0)

v.(0) 1 (°
B RC OL(T)dT

i(t) =

I.  We can get the exact solution of (2.1) by applying Laplace transform.
First, we get

9= -(459) - ()

RS RC S
Then we apply Laplace transform and get the exact solution

i(t) = —0.001 e~10t

ii.  From (2.2) and (2.3) we Qet,

. -1
lo(t) = Tooo — —0.001,

in(t) = =10 [ ipy(Ddr, n>1.

Hence, i(t) = f}n (t)
n=0

iii. ~ From (5) and (6) we get,
io(t) = —0.001,
in(t) =—0.001—10 [ i,_4(0)dr, n>1.

Hence,

i(t) = lim iy (8).
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Table 2.3 shows the absolute relative error (ARE) of ADM and PM solutions. The time comparison between

them is given in Table 2.4.
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Figure 2.5: ADM and LTM Solutions
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Figure 2.6: PM and LTM Solutions

Table 2.3: ARE of ADM and PM solutions

lapm — lExact

LExact

| lpm — lexact

lExact

0.1

1.9525 x 10~16

2.9472 x 10~16

0.2

3.5083 x 1015

1.6023 x 10~15

0.3

1.3531 x 10714

1.9599 x 10714

0.4

4.8071 x 10~ 14

1.4207 x 10713

0.5

2.0327 x 10~ 14

3.2182 x 10713

0.6

2.0564 x 10712

1.6621 x 10712

0.7

1.5189 x 10711

2.6157 x 1011

0.8

5.6159 x 10~10

1.37294 x 107°

0.9

2.66524 x 1077

2.67731x 1077

0.0000531353

0.0000531437
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From Table 2.4, we can see that the two methods are close to each other, but PM gives solution

that is more accurate.

Table 2.4: time comparison

ADM time PM time
0.204 1.829

From table 2.3 and table 2.4, the results indicate that ADM is generally faster than PM, making it

a more efficient choice for solving these types of equations.

3. RL Electrical Circuit

The oscillating electrical circuit consists of a voltage source Vs connected to a resistor R and an
inductor L. While these components can be arranged in various configurations, this analysis
focuses specifically on the series RL circuit. It is important to note that all these components are

positive elements

Figure 3.1
Where:
In the context of the RL circuit, the parameters are defined as follows:
e Vs the voltage source measured in volts,
e R: the resistance measured in ohms,
e L:the inductance measured in Henry.

These components are integral to the behavior of the circuit and are used in the formulation of the

differential equation (DE) that describes the dynamics of the RL series circuit:
Ri(t) + v, (t) = Vs(0)
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Where,
v, (t): the voltage across the inductor

Ri(t): the voltage acrosse the resistor

di(t
Since v, (t) = LQ ,then
dt
Ri(t) + L2 = V(¢) (3.1)
i((0) =1
3.1 Methods of Solution
3.1.1 Adomian decomposition method
I. Solution algorithm
From (3.1)
LED — 5 (£) — Ri(t) (3.2)

dt

By integrating both sides of equation (3.2), we have
i(t)=1Ip+7 [y vs(Ddr — = J; i(Ddr (3.3)

Decomposing i(t) = Yo—oin(t) and substitute in equation (3.3), we get the

following recursive relations that represent the ADM algorithm:

io(t) = Io +7 J, vs(D)dr, (3.4)

in(t) = =2 [ in_1(r)dt (3.5)

Finally, the ADM solution of (3.1) is

co

i(6) = Z i (t). (3.6)

n=0
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ii. Convergence analysis

> Existence and uniqueness of the solution

Define the mapping F: E —» E where E is the Banach space, (C[I],||-]]) is the space of which

consists of all continuous functions defined on the interval I with the norm ||i(t)|| = ngglxli(t)l ,

VvOo<t<t<T.

Theorem 1:
The problem (1) has a unique solution whenever, 0 < f <1 where 8 = %T.

Proof:

The mapping F: E — E is defined as,

1t R [t
Fi(t) = I, +Zf vs(1)dt —Zf i(t)dt
0 0

Let: i(t),z(t) € E

[|Fi — Fz|| = max
tel

—%L i(t)dt +§L z(t)dt

= max
tel

R t
Zjuao—dnwr
0

t
Jdr
0

R .
=7 max|i(t) — z(t)]

< %ngglxli(t) —z(t)|T
<2 rhi—al

— L

< Blli -z

Under the condition 0 < f < 1, the mapping F is a contraction, hence, there exists a unique

solution of the problem (3.1) and this completes the proof.

» Proof of convergence

Theorem 3.2:
27



The series solution (3.6) of the problem (3.1) using ADM converges if |i;] <cand0 < f <1,
R
,3 = ZT

Proof:

Define the sequence {S, } such that S,, = Y1 -, ix (t) is the sequence of partial sums from the series
solution.
Let S,, and S,, be two arbitrary partial sums with n > m. Now, we are going to prove that {S,}
is a Cauchy sequence in this Banach space.

”Sn - Sm” = Trtlglxlsn - Sml = @glx|22=m+1 ik(t)l

n R t
= max Z —f ir(t)dt
L J

k=m+1

R (¢ <
= max zf Z i (t)dt
0

k=m+1

R t n-1
= max Zf z i, (t)dt
0
t

k=m

R
= max —f [Spe1 — Smoqldr
LJ,

T max|Sp-1 — Sm-1l
tel

T||Sp-1 = Sm-all

ISn-1 = Sm-all
Let n=m+ 1 then,
ISme1 = Smll < BlISim — Smotll < B2ISm—1 — Sm—zll < -+ < ™ISy = Soll
from the triangle inequality we have,
”Sn - Sm” < ”Sm+1 - Sm” + ”Sm+2 - Sm+1” + -t ”Sn - Sn—l”
<[+ BT 4+ BPTHIIS = Sl

SB[+ B+ A+ BTTTHIS = Soll
< g™ | =5 il
Since 0 < f < 1,and n > m, then (1 — ™"~ ™) < 1. Consequently,

152 = Smll < 5 112 O]
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4 max|i; (t)|

S -
1-B tel

but [i;(t)| < o0 and as m — oo, ||S,, — S|l = 0 and hence, {S,,} is a Cauchy sequence in this

Banach space, so the series Y., i, (t) converges, and This statement concludes the proof.

» Error analysis

For the ADM, we can assess the maximum absolute truncation error of the series solution as

outlined in the subsequent theorem

Theorem 3.3:

The maximum absolute truncation error of the series solution (3.6) to the problem (3.1) is

estimated to be

—_ym 4 <ﬁ 1
max|y(t) — k=l ()] < —pmax|i; (O)].

Proof: From theorem 3.2 we have,

m
— < - 1
”Sn Sm” =1 _37%11)('11(0'

But, S, = Xioir (t) asn — oo, then S, = i(t),so

m

e |
i) = Sull < 75 maxlis (0]

Therefore, the maximum absolute truncation error in the interval I is
. _ m . < ﬁ .
Trtlglxll(t) Yizo e (O] < -5 77tlg1x|l1(t)|
Moreover, this completes the proof.

3.1.2 Successive approximation method (PM)
i.  Solution algorithm
Applying PM to IE (3.3), the solution is
io(t) =1, + % J; vs(O)de

in(t) = io(t) — = [} i(x)dr.

(3.7)

(3.8)

All the functions i,,(t) are continuous functions, and i,,(t) is the sum of successive differences.
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n
in() = io () + ) i(6) = i (0
k=1
This means that the sequence i,,(t) convergence is equivalent to the infinite series convergence.

The final PM solution takes the form

i(t) = lim i,(t).
n—->oo
ii.  Convergence analysis

We can deduce that if the series Y ji_; ix(t) — ix_1(t) is convergent, then the sequence {i,(t)}

will converge to i(t).

To prove that the sequence {i,,(t)} is convergent, consider the associated series,

(0]

> i® = i ®

k=0
For k=1, we get

iy (£) — ip(t) = == [ ig(r)dr
i2(0) = i = | =7 [y s @er |
< lig(8)| [27]

<

~ | X

n < ¢,
Where [io(6)| <5 and ¢, = ~Tn.

Now, we will get an estimate for i,,(t) — i,,_,(t), n = 2

t

o Rt Rt
in(®) = s (D) = =7 f s (Dt +7 f s (Dt
0 0

i () = tna (O] = |- 2 [} s (DT +2 [ i (D)dr |
<215 dr | lin-(8) = in 2 (0]
< 27| lin-1 () = ina(®)]

= Blin—l(t) - in—Z(t)l

In the above equation, if we put n=2

R
60 —®1 < [77]10© - o)

30



li,(t) —i,(O)] < Boy

Doing the same for n=3, 4, ...
lis(6) — iz (O] < Blix(t) — i1 (O] < B?oq,
lia(t) — is(®)] < Blis() — i, (O] < Boy,

Then the general solution will be,

|in(®) — i1 (O] < B oo
Since B < 1, so the sequence {i,,(t)} will be convergent.

i(t) = rlll_r)?o (—%L in_l(r)dr> = —%JO i(t)dr

3.2 Numerical Examples

3.2.1 RL Current Growth

For the circuit of Figure 3.2,i(0) =0, and the 50 Q resistor represents the resistance of the inductor.
Compute and sketch i(t) for t > 0.

R=50Q

Figure 3.2

e Solution:

I.  We can get the exact solution of (3.1) by applying Laplace transform.

i(t) = %(1 - e‘%) = 0.126(1 — e~5%)

ii.  From (3.4) and (3.5) we get
io(t) = 0.1 [ 6.3dr,

in() = =5 [ ip_1(Ddr, n>1.
31



hence,
OEPING
n=0

iii.  From (3.7) and (3.8) we get
t

io(t) = 0.1f 6.3 dr,
0

() =01/ 63dr— 5 [ i,_4(D)dr, n>1.

hence,

i(t) = lim i,,(¢t).
n—-oo
Figures illustrate a comparison among the exact solution, the ADM, and the PM. These visuals

demonstrate that as the number of terms n increases, the accuracy of the solution improves,

ultimately converging to the exact solution.

ift)
0.14F

0.12¢ pe—

; e LTM
0.10} o

0.08} /
E / -~  ADM
0.06f /

0.04}
oot/

. A A ¢
0.0 02 0.4 0.6 0.8 1.0

Figure 3.4: ADM and LTM Solutions

32



ilt)
0.14}
012}
010}
0.08}
0.06f
0.04
o0t

-=- BM

i A R ¢
0.0 02 0.4 0.6 0.8 1.0

Figure 3.5: PM and LTM Solutions

Table 3.1 shows the absolute relative error (ARE) of ADM and PM solutions. The time comparison between

them is given in Table 3.2.

From table 3.1 we can see that the two methods are close to each other, but PM is more accurate.

Table 3.1: ARE of ADM and PM solutions

¢ iADII'{ — lExact |iPM._ lexact
lExact LExact

01 | 9.302x 10717 1.4 x 10716
0.2 9.07 x 10717 8.712 x 10717
0.3 1.168 x 10716 0
04 | 4.302x10716 | 2,548 x 10716
0.5 5.475 x 10717 2.4 x 10716
06 | 4.045x1071% | 9273 x 10716
0.7 3.789 x 10716 | 4.542 x 10716
0.8 2.372x 10715 0
0.9 2.886 x 107> | 4.455x 10716
1 1.066 x 1015 | 1.774 x 10715

Table 3.2: time comparison

ADM time

PM time

0.14

1.531
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From table 3.2 we deduce that the ADM gives results faster than PM.

3.2.2 RL Circuit with An Initial Current
For the circuit of Figure 3.5, i(0) = 0.72. Compute and sketch i(t) for t > 0.

——
!
-~ )+
, <')
10H & vp 50Q< Vg

& >

+ S

__L
Figure 3.5

e Solution:

i.  We can get the exact solution of (3.1) by applying the Laplace transform:
_R,
i(t) = Iye L' =0.72e~%
ii.  From (3.4) and (3.5) we get,
io(t) = 0.72,

in(t) = =5 [} in1(D)dT, n>1.

hence,
i(t) = Xin (0

n=0
iii.  From (3.7) and (3.8) we get,

io(t) = 0.72,
in(t) =072+ 5 [ ipq(D)dr, n>1.
hence,
i(t) = lim i,,(t).
n—oo

Figures illustrate a comparison among the exact solution, the Adomian Decomposition Method

(ADM), and the Picard Method (PM). These visuals demonstrate that as the number of terms n

increases, the accuracy of the solution improves, ultimately converging to the exact solution.
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Notice: All calculations and graphical representations in the paper were performed using
MATHEMATICA software for the examples presented.
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Figure 3.6: ADM and LTM solutions

it)
0.7
0.6f
0.5F
0.4
0.3 1
02t
0.1f

-~ DBPM

0.0 1.0

Figure 3.7: PM and LTM Solutions

Table 3.3 shows the absolute relative error (ARE) of ADM and PM solutions. The time comparison between

them is given in Table 3.4.

Table 3.3: ARE of ADM and PM solutions

Lapm — lExact lpm — lexact

lExact lExact

0.1 6.501 x 10717 1.271 x 10716

0.2 3.082 x 10716 4.192 x 10716

0.3 8.318 x 10716 6.911 x 10716

0.4 3.283 x 10715 0

0.5 1.608 x 1015 7.514 x 10715
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0.6 1.286 x 10714 0

0.7 2.99 x 10714 1.021 x 10714

0.8 4.939 x 1014 7.577 x 10714

0.9 1.602 x 10714 4.164 x 10~ 14

1 2.013 x 10713 2.288 x 10714

From table 3.3 we can see that the two methods are close to each other, but PM is more accurate.

Table 3.4: time comparison

ADM time PM time
0.094 sec. 1.422 sec.

From table 3.4 we deduce that the ADM gives results faster than PM.

4. Conclusion

In this study, we compared the Adomian decomposition method and the Picard method for

solving ordinary differential equations in electric circuits. While both methods are effective,

ADM s faster, making it preferable for time-sensitive applications. Future research could

explore hybrid approaches that leverage the strengths of both methods.
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