o~

Nile Journal of Basic Science -~

Volume 3, Number 1, October 2023 o o \
Nile Journals Journal Webpage: https://njbs.journals.ekb.eq k

Solution of Nonlinear Fractional Differential

Equations containing Caputo Derivative

E. A A. Ziada
Nile Higher Institute for Engineering and Technology, Mansoura, Egypt.
eng _emanziada@yahoo.com

Abstract

In this paper, Adomian decomposition method (ADM) will apply to solve nonlinear fractional
differential equations (FDEs) of Caputo sense. These type of equations is very important in
engineering applications. Existence and uniqueness of the solution will prove. The
convergence of the series solution and the error analysis will discuss. Some numerical
examples will solve to test the validity of the method and the given theorems.
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1. Introduction

Fractional Differential equations (FDEs) have many applications in engineering and science
[1-6], including electrical networks, fluid flow, control theory, fractals theory, electromagnetic
theory, viscoelasticity, potential theory, chemistry, biology, optical and neural network
systems [7-13]. In this paper, Adomian decomposition method (ADM) [14-19] will use to
solve nonlinear FDEs of Caputo sense. This method has many advantages; it is efficiently
works with different types of linear and nonlinear equations in deterministic or stochastic
fields and gives an analytic solution for all these types of equations without linearization or
discretization [20-23]. The paper will organize as follows: In section two ADM will apply to
the problem under consideration. In section three uniqueness, convergence and error analysis
will discuss. Finally, two numerical examples present by using MATHEMATICA package.

2. Formulation of the Problem

Consider the nonlinear FDE,

oDEY(O) +a@®)f(y(®) =x(@), n—1<a<n, (1)

Subject to the initial conditions,
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The fractional derivative is of Caputo sense. In the applications, the Caputo sense are preferred
to use because the initial conditions of y(t) and its derivatives will be of integer orders and
has a physical meaning. Now performing the fractional integration of order « this reduces the
problem (1)-(2) to the fractional integral equation (FIE):

y(£) = Lt 4 —— [t — 1) x(T)dr - r( 5 L a (@)t =D (y(n)dr

F(a) r'(a)
3)

Assume that x(t) boundedVt € ] =[0,T],T € R, |a(n)| <MVO<1<t<T,Misa
finite constant and f (y) is Lipschitz continuous with Lipschitz constant L such as,

lf) —f(@] <Lly - 2| 4)
Which has Adomian polynomials representation,
f) = Xnz0An Vo, Y1, s Yn) ©)
Where
- n' dan [f(z Ai yi)],lzo (6)
Substitute from equation (5) into equation (3) we get,
Y(©) = st s [ (£ = D (DT — 5 [y a (1) (E = D Bz An d
(7)
Let y(t) = Yp—o Yn (t) in (7) and applying ADM, we get the following recursive relations,
1t -
yO( ) F((X 1) + (@) fo ( t— T)a lx(T)dT’ (8)
Vi) = =5 [y a (@t =) Ay dr, i 2 1. ©)
Finally, the solution is,
y(t) = XiZo i (B) (10)

2.1. Existence and Uniqueness

Theorem 1: If 0 < a <1 wherea = LMT?

Tty then the series (10) is the solution of the

problem (1)-(2) and this solution is unique.
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Proof For existence,

y() = i%’ ®)

Yo®) + Y ¥ (©)
= Yo(t) = o if t—1)* 1A ,d
= %00 =iy 2, J, ¢ @€ =D e

1 (¢ . =
= %0 =g | ¢ @E-D) ;Ai_ldr

1 (¢ . =
= 300~ fg ) a@E = ;Aidt

B r(aCj_‘1) aJ’mj (=5 1X(T)df—m a(T)(t—T)“‘lf(y(r))dr

Then the Adomian’s series solution satisfy equation (3) which is the equivalent FIE to the
problem (1)-(2).

For uniqueness of the solution: Assume that y and z are two different solutions to the
problem (1)-(2) and hence,

1 t
ly—z| = ‘mjo a(@t - f») - f(@)]dr

f (t = D Ua@IIf ) — f(@)]de

F(OO
- |j (t—1)%de
F( )
M
“Te+n” *
LMT®
Tt = B where, 0 < [ < 1 then,
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ly—z|l<Bly -z
A-Bly—-zl<0

However, (1 — B) |y — z| = 0 and since, (1 — B) # 0 then, |y — z| = 0 this imply that, y =
z and this completes the proof.

2.2. Proof of Convergence

Theorem 2: The series solution (10) of the problem (1)-(2) using ADM converges if |y;| <

o
ooand0<,8<1,,8=FL(IZ:1).

Proof Define the Banach space (C[/], ||:||), the space of all continuous functions on | with
the norm||y(t)|| = ntlea]Xb/(t)I. Define the sequence {S,}such that, S, =Y ,y; (¢t) the

sequence of partial sums from the series solution )72, y; (t) since,

fo)=f (2 i (t)) = A 0o 1,90
i=0 i=0

So,
fo) = f(So) = 4y,
fo+y1) =f(S1) = Ao + 4y,
fo+y1+y2) = f(S2) = Ag + Ay + Ay,

FS2) =D At 0o, 2, 90
i=0

Let, S, and S,,, be two arbitrary partial sums with n = m. Now, we are going to prove that
{S,} is a Cauchy sequence in this Banach space.

n

IRAG

i=m+1

S, —S,.|| =max|S, —S,,] = max
15 = Simll = max IS, — Syl = mas

t

n 1 .
Z ~F ), 4@ D A de

i=m+1

= max
te]
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n-1
1t i
nax mfoa(r)(t—r) 1;Aidr

G e I{CHR By CH

tE]

@“ﬁ‘%" f (t =D Ua@IIf (Sn-1) — f(Sm-1)ldT

< T ax |Sp—1 — Sp—1l Jt(t —1)%dr
0
< St = Sy
INa+1)
< BliSn-1 = Sm-all
Let n = m + 1 then,
ISm+1 = Smll < BlISm = Sm-1ll £ B2Sm-1 = Sm—2ll < -+ < B™IS1 — Soll
From the triangle inequality we have,
IS0 = Smll < Sm+1 = Smll + Smaz = Sl + -+ 11Sn = Sp-all
< [B™+ ™+ -+ IS = Soll
< BT+ B+ 4+ IS = Soll

ﬁn m
< [ ol
Since, 0 < @ < 1 and n = m then, (1 — "™ ™) < 1. Consequently,
g™ ﬁm
ISn = Sl < =g ly: (Ol < 1= phax ly1 ()]

However, |y;(t)| < oo and as m — oo then, ||S,, — S|l = 0 and hence, {S,} is a Cauchy
sequence in this Banach space so, the series Y.n—, ¥, (t) converges and the proof is complete.

2.3. Error Analysis

For ADM, we can estimate the maximum absolute truncated error of the Adomian’s series
solution in the following theorem.
Theorem 3: The maximum absolute truncation error of the series solution (10) to the

5
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problem (1)-(2) estimate to be,

max
tej

y(6) - Zyl ®|=

Proof. From Theorem 2 we have

< 1 ik 1— g max ly1 (O

gm
ISn — Sl < 1= [y ()]
But, S, = XLy (t) as n = oo then, S, = y(t) so,
gm
1-p¢

Therefore, the maximum absolute truncation error in the interval J is,

ly(®) = Smll < max |y, ()]

max |y(¢) - Z 70 < {max O
Moreover, this completes the proof.
3. Numerical Examples
Example 1. Consider the initial value problem [20],
D%y =y? +1, (11)
y(0) = 0. (12)
Operating with /%> on both sides of equation (11) and using the initial conditions (12) we
obtain,
y(®) =[] +]*°[y?], (13)

Using ADM and replace the nonlinear term f(y) = y? by its corresponding Adomian
polynomials we have,

yo =J*°[1], (14)
yn =J[Ap_1ln = 1. (15)

From the two relations (14) and (15), the ADM series solution is,
y(©) = Ti=o¥i (1), (16)

6
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Figures 1.a-1.b illustrate the comparison between ADM solution (n = 5) and the numerical
solution using the numerical method given in [2] (h = 0.01). The numerical method gives
unbounded solution when t € [0,1], see Figure 1.a, while, ADM gives a bounded solution in
the same interval, see Figure 1.b.

Notices:

1. All computations and figures made using MATHEMATICA software for all the given
examples.

2. In all figures, the solid curve represents ADM solution, while the other curve for the
other method.
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Figure 1.a: ADM and Numerical Sol. [u = 0.5]
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Figure 1.b: ADM Sol. [u = 0.5]

Example 2. Consider the following nonlinear FDE with nonhomogeneous initial conditions,

DSy =2 [y +y,t 20, (17)
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y(0) = 1,y'(0) = 2.
This problem was solved by Nabil Shawagfeh in [20] by using ADM but the given solution
was incorrect. Here, we give the correct solution.

Operating with /> on both sides of (17), we get

y =142t +-J5(fy) + /5 ). (18)

Using ADM and Adomian polynomials to the equation (18) and since the computation of
A, depends heavily on y, we will use a slight modification [24]. This will ease the
computations considerably. Thus,

Yo=1, (19)
Y1 =2t +2]Y5(Ao) + 15 (o), (20)
Yo =25 (Ang) + T Qo) 2 2. @1

Using relations (19)-(21), the first three-terms of the series solution for u = 1.5 are,
y(t) = 1+ 2t + 2.44482t*° + 1.27883t2> + 1.15104t3 + ---, (22)

Figure 2 shows ADM solution (n = 5). In Shawaghfeh’s study [20], the mistake was
ignoring the third term in equation (20).

y(®)
L)
6

%

Figure 2: ADM Sol. [u = 1.5]

4. Conclusion

In this paper, an interesting method (ADM) used to solve fractional differential equations.
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This method gives analytical solution and when we comparing ADM solution with Numerical
solution method, we see that, it gives a bounded solution but the numerical method give
unbounded solution.
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